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Systém druhého řádu
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Systém druhého řádu

Diferenciálńı rovnice druhého řádu s počátečńımi podḿınkami ve
tvaru

y ′′(t) + a1 y
′(t) + a0 y(t) = u(t) (1)

y(0) = c1 a y ′(0) = c2, (2)

udává vztah vstupu u(t) a výstupu y(t) spojitého lineárńıho
stacionárńıho systému.
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Systém druhého řádu

Tento vněǰśı popis p̌revedeme na stavový popis volbou stavového
vektoru

x1(t) = y(t),

x2(t) = y ′(t).
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Systém druhého řádu

Dosad́ıme za y ′(t) = x2(t) a y ′′(t) = x ′2(t) do původńı
diferenciálńı rovnice a obdrž́ıme

x ′2(t) + a1 x2(t) + a0 x1(t) = u(t).

Současně plat́ı
x ′1(t) = y ′(t) = x2(t).
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Systém druhého řádu

Dostáváme tak[
x ′1(t)
x ′2(t)

]
=

[
0 1

−a0 −a1

] [
x1(t)
x2(t)

]
+

[
0
1

]
u(t)

respektive [
x ′1(t)
x ′2(t)

]
= A

[
x1(t)
x2(t)

]
+ Bu(t)

kde

A =

[
0 1

−a0 −a1

]
B =

[
0
1

]
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Systém druhého řádu

Rovnici pro výstup vyjáďŕıme z definice stavových veličin

y(t) =
[
1 0

] [x1(t)
x2(t)

]
+ 0 u(t).

Matice D je nulová a jedná se o tak zvaný ryźı systém.
Pro výstupńı matici dostáváme

C =
[
1 0

]
.

Počátečńı podḿınky se transformuj́ı do stavového popisu jako

y(0) = x1(0) = c1 a y ′(0) = x2(0) = c2.
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Stavové rovnice z diferenciálńı rovnice n-tého řádu

Předpokládejme opět, že systém je popsán diferenciálńı rovnićı

y (n)(t) + an−1y
(n−1)(t) + · · ·+ a1y

(1)(t) + a0y(t) = u(t)

Ukážeme nyńı, jak se koeficienty diferenciálńı rovnice objev́ı ve
stavových matićıch. Postup je zobecněńım p̌redcházej́ıćıho
p̌ŕıkladu.
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Stavové rovnice z diferenciálńı rovnice n-tého řádu

Stavové veličiny voĺıme jako derivace hledaného řešeńı y(t) takto

x1(t) = y(t),

x2(t) = y ′(t),

x3(t) = y ′′(t),

x4(t) = y (3)(t),

...

xn(t) = y (n−1)(t),
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Stavové rovnice z diferenciálńı rovnice n-tého řádu

Ze soustavy a diferenciálńı rovnice plyne postupně

x ′1(t) = x2(t),

x ′2(t) = x3(t),

...

x ′n−1(t) = xn(t),

x ′n(t) = u(t)− a0x1(t)− a1x2(t)− . . .− an−1xn(t).
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Stavové rovnice z diferenciálńı rovnice n-tého řádu


x ′1(t)
x ′2(t)
x ′3(t)
...

x ′n(t)

 =


0 1 0 0 · · · 0
0 0 1 0 · · · 0
0 0 0 1 · · · 0

...
−a0−a1−a2−a3 . . . −an−1




x1(t)
x2(t)
x3(t)
...

xn(t)

+


0
0
0
...
1

 u(t)
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Stavové rovnice z diferenciálńı rovnice n-tého řádu

V souladu s obecným značeńım pro stavový popis LTI systémů
označ́ıme

A =


0 1 0 0 . . . 0
0 0 1 0 . . . 0
0 0 0 1 . . . 0

...
−a0 −a1 −a2 −a3 . . . −an−1


a

B =


0
0
0
...
1

 .
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Stavové rovnice z diferenciálńı rovnice n-tého řádu

Dále plat́ı

y =
[
1 0 0 0 . . . 0

]

x1(t)
x2(t)
x3(t)
...

xn(t)

 ,

takže
C =

[
1 0 0 0 . . . 0

]
a

D =
[
0
]
.
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Stavové rovnice z diferenciálńı rovnice n-tého řádu

Počátečńı podḿınky maj́ı tvar

y(0) = x1(0) = c1,

y ′(0) = x2(0) = c2,

y ′′(0) = x3(0) = c3,
...

y (n−1)(0) = xn(0) = cn.
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Př́ıklad

Dva voźıky s hmotnost́ı m1 a m2 jsou spojeny pružinou, která má
koeficient pružnosti κ.

f(t)
- me me

y1(t)-

m1 κ��@
@@�� me me

y2(t)-

m2

Podle obrázku působ́ı na prvńı voźık hnaćı śıla f (t).
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Polohy voźık̊u jsou y1(t) a y2(t), takže p̌ri zanedbáńı ťreńı maj́ı
pohybové rovnice tvar

m1 y
′′
1 (t) = f (t) + κ (y2(t)− y1(t))

m2 y
′′
2 (t) = −κ (y2(t)− y1(t))

Máme sestavit stavové rovnice pro systém dvou voźık̊u.
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Polož́ıme

x1(t) = y1(t), x2(t) = y2(t),

x3(t) = y ′1(t), x4(t) = y ′2(t)

a dostáváme soustavu rovnic

x ′1(t) ≡ y ′1(t) = x3(t),

x ′2(t) ≡ y ′2(t) = x4(t),

x ′3(t) ≡ y ′′1 (t) =
κ

m1
(x2(t)− x1(t)) +

1

m1
f (t),

x ′4(t) ≡ y ′′2 (t) = − κ

m2
(x2(t)− x1(t)).
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kterou již snadno p̌revedeme na stavový popis
x ′1(t)
x ′2(t)
x ′3(t)
x ′4(t)

 =


0 0 1 0
0 0 0 1

− κ
m1

κ
m1

0 0
κ
m2

− κ
m2

0 0



x1(t)
x2(t)
x3(t)
x4(t)

+


0
0
1
m1

0

 f (t)

a

y =
[
0 1 0 0

] 
x1(t)
x2(t)
x3(t)
x4(t)

 .
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Máme matice stavového popisu ve tvaru

A =


0 0 1 0
0 0 0 1

− κ
m1

κ
m1

0 0
κ
m2

− κ
m2

0 0

 B =


0
0
1
m1

0


a

C =
[
0 1 0 0

]
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Systém druhého řádu

Diferenčńı rovnice druhého řádu s počátečńımi podḿınkami ve
tvaru

y [n + 2] + α1 y [n + 1] + α0 y [n] = u[n] (3)

y(0) = γ1 a y(1) = γ2, (4)

udává vztah vstupu u[n] a výstupu y [n] diskrétńıho LTI systému
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Systém druhého řádu

Tento vněǰśı popis p̌revedeme na stavový popis volbou stavového
vektoru

x1[n] = y [n] ,

x2[n] = y [n + 1] .
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Systém druhého řádu

Dosad́ıme za y [n + 1] = x2[n] a y [n + 2] = x2[n + 1] do původńı
diferenčńı rovnice a je

x2[n + 1] = −α1 x2[n]− α0 x1[n] + u[n] .

Současně plat́ı

x1[n + 1] = y [n + 1] = x2[n] .
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Systém druhého řádu

Dostáváme tak[
x1[n + 1]
x2[n + 1]

]
=

[
0 1

−α0 −α1

] [
x1[n]
x2[n]

]
+

[
0
1

]
u[n]

nebo [
x1[n + 1]
x2[n + 1]

]
= M

[
x1[n]
x2[n]

]
+N u[n],

resp.

M =

[
0 1

−α0 −α1

]
N =

[
0
1

]
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Systém druhého řádu

Rovnici pro výstup vyjáďŕıme z definice stavových veličin

y [n] =
[
1 0

] [x1[n]
x2[n]

]
+ 0 u[n] .

Matice D je tedy nulová a pro výstupńı matici dostáváme

C =
[
1 0

]
.

Lineárńı systém, který má matici D nulovou, se nazývá ryźı
systém. Je vhodné podotknout, že počátečńı podḿınky se
transformuj́ı do stavového popisu takto

y(0) = γ1 = x1(0) a y(1) = γ2 = x2(0).
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Model fakulta

Vznik nové fakulty a hledáńı odpověd́ı na r̊uzné otázky souvisej́ıćı s
počty student̊u jsou ukázkou diskrétńıho stavového systému, ve
kterém složka stavového vektoru xi reprezentuje počet student̊u
v i-tém ročńıku. Předpokládejme dále, že do prvńıho ročńıku
budeme p̌rij́ımat pravidelně každý rok u[n] student̊u.

• Jestliže z každého ročńıku postouṕı bez pot́ıž́ı a1xi student̊u,
opakuje a2xi student̊u a fakultu opust́ı a3xi student̊u, kde
a1+ a2+ a3 = 1, nalezněte počty absolvent̊u, pokud úspěšnost

u státńıch závěrečných zkoušek je a, pro které plat́ı a ≡ a
(5)
1 .

• Nalezněte celkový počet student̊u, ktěŕı studuj́ı v jednom
akademickém roce na fakultě.
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Model fakulta

1

Z minuleho
rocniku

1

Do dalsiho
rocniku

z

1

Skolni
rok

a2

Postupujici
studenti

a1

Opakujici
studetnti

Zapis
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Model fakulta

Stavový popis této vzorové situace je


x1[n + 1]
x2[n + 1]
x3[n + 1]
x4[n + 1]
x5[n + 1]

 =


a
(1)
2 0 0 0 0

a
(1)
1 a

(2)
2 0 0 0

0 a
(2)
1 a

(3)
2 0 0

0 0 a
(3)
1 a

(4)
2 0

0 0 0 a
(4)
1 a

(5)
2




x1[n]
x2[n]
x3[n]
x4[n]
x5[n]

+


1
0
0
0
0

 u[n]

y [n] =
[
0 0 0 0 a

]

x1[n]
x2[n]
x3[n]
x4[n]
x5[n]

 .
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Model fakulta

Nebo se můžeme ptát, jaký je celkový počet student̊u na fakultě v
určitém roce. Potom pro výstup obdrž́ıme

y [n] =
[
1 1 1 1 1

]

x1[n]
x2[n]
x3[n]
x4[n]
x5[n]

 .
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