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Trigonometric formulae



Integrals of trigonometric functions

The derivatives and integrals (as primitive functions) of trigonometric functions are
interconnected:

¢ smfx-écoséxé/coséxdx- 1smﬁx
dx /

icosﬁx = —Vlsinflx = /sin Ixdx = —Ecosﬂx.
dx ¢



Product of trigonometric functions

Products of two trigonometric functions are expressible as
2sin x sin mx = cos(¢ — m)x — cos({ + m)x,
2 cos {x cos mx = cos({ — m)x + cos({ + m)x,
25sin x cos mx = sin({ — m)x + sin({ + m)x.

If x € [0,27) then for x = wot we have t € [0, T).

We have learnt that trigonometric functions coswyt and sinwyt form Fourier basis for
T-periodic functions.

Is the basis set of cos mx and sin mx for x € [0,27) orthogonal?



Orthogonal basis

Assume ¢, m € N.

We will study the scalar inner products of these functions for £ # m first:

27
(cos £x, cos mx) = / cos £x cos mx dx
0

1 27 1 27
= / cos(¢ — m)xdx + / cos(£ 4+ m)x dx
2 Jo 2 Jo

= 2(£l_m) [sin(€ — m)x} zﬂ +

_0-0 0-0

=2e—m) T2 +m

2(£1+m) [sin(ﬁ + m)x} EW




Orthogonal basis

27
(sin £x,sin mx) = / sin {x sin mx dx
0

1 2 1 2
= _ / cos(¢ — m)xdx — = / cos(¢ + m)x dx
2Jo 2 Jo
1 ) 2m 1
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Orthogonal basis

2
(sin £x, cos mx) = / sin £x cos mx dx
0

1 2w 1 21
= / sin(¢{ — m)xdx + / sin(¢ + m)x dx
2 Jo 2 Jo

1
= —m |:COS(£ —m
11 1-1

“2(0—m)  2(0+m)
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Orthogonal basis

We will study the case ¢ = m separately.

2 1 o
(sin mx, cos mx) = = / sin2mxdx = —— [cos 2mx]
2 0 4dm 0

1-1
2 C
dm



Normalization

Finally the two cases of basis functions that should result in inner product being 1 if

normalised.
27 2
1 4 cos2mx
(cos mx, cos mx) = / cos® mx dx = / L cosamx dx

0 0 2
1 2w 1 . 27

= E[X]O =+ %[stmx}o =7

|| cos mx||2 =7 || cos muwot]|® = 5

27 27
1-— 2
(sin mx, sin mx) = / sin? mx dx = / ST COSEMX
0 0 2
1 2 1 2T
=5k, — ol =5

|| sinmx||? =7 || sin mwot|®> = =
2 9
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Vector spaces of continuous and discrete waveforms
Vector space of continuous basic waveforms

Vector space of discrete basic waveforms
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Review: Trigonometric Fourier Series

Trigonometric Fourier Series T-periodic signal x(t) representation with wy = kwo:

o0
x(t) =ao + 2 (ak coswyt + by sinwyt)
k=1

a) basis functions cos wt, sinwgt
: 1 /7
b) DC coefficient ag = 7_/x(t)dt,
0

c) cosine coeficient

(x(t), coswit) 2 ) /T
- = it t) = — t tdt
K <COS Wk t7 COS W t> T <X( )’ COS Wi > T 0 X( ) COS Wk 5
d) sine coefficient
<X(t),sinwkt> 2 ] 2 /T .
- =it t)=— t tdt.
by {5in Wi, sin wet) T (x(t),sinwgt) - Ox( ) sin wy
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Review: Complex Fourier series

Complex Fourier series T-periodic signal representation with wy, = kwo:

o0
x(t) = Z crelrt

k=—00
a) basis functions ¢k (t) = exp(jwit),
b) coefficients

_M_lX _ 4 7>—< e Jwkt
= (o0 () = THOOD) = 7 [ Xt

c) completness of basis functions

T

(¢k(t),¢>g(t)> _ 71_/ elwrtg—jwet p — 5k,e-

0
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Review: Partial sums

o0
a) Fourier series x(t) = Z crelnt
k=—o00
M
b) Partial sum of Fourier Series xy(t) = Z cxelkt for N =2M + 1
k=—M
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From continous to discrete periodic signal

Consider a continuous signal x(t) defined as T-periodical signal, sampled N times
during that period at timestamps t = nT /N for n =0,1,2,..., N — 1. This yields a
discretised signal

x = (X0, X1, X2, - - -, XN—1)
where x is a vector in RV with N components x, = x(nT/N).
The sampled signal x = (xp, x1, X2, ..., xy—1) can be extended periodically with period
N by modular definition

Xm = X(mmod N)

for all m € Z.
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Discrete signal and basis vectors

In order to form the discrete basis vectors we start with exponential basis function

Pr(t) = ekt = glkwo — pi2mkt/T

and substitute t — nT/N for n=0,1,2,...,N — 1.

Evaluating at nT /N for varying n yields N components of the basis vector in CV:

T :
Ph,n = Pk <nN> = el2mkn/N,

15



Discrete signal and basis vectors

The k-th basis vector ¢, = has the following complex components:

@i2mk-0/N
ei2mk1/N
ei2mk2/N

P =

ei2mk-(N=1)/N
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Inner product if vectors in CV

On CN the inner product is defined as

N-1
(x,y) =Xy = xo¥0 + X1Vi + ... + XN_1YN-1 = Z XuYv
v=0
where ¥ = (y0,¥1, ..., yYN—1) is a vector of complex conjugate elements to the original

elements iny = (yo, y1,---,YN-1)-
The corresponding norm is ||x||2 = (x, x), hence
N—1
1X/1> = x0%0 + xaX1 + -+ + xn_1XN= = |xol® + pal® 4 -+ o1 =D
v=0
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DFT basis — Orthogonality

We can prove that the DFT basis vectors ¢, are orthogonal by verifying that

(¢Dy, b,y = 0 for all £ £ m.

The inner product can be written as

N-1 N—-1
(Dpy ) = Z Gt Pmy = 3 e2Tmmy/N — 37 (ej27r(é—m)/N>V.
v=0 v=0
We have arrived at partial sum of the first N elements for geometric series.

For ¢ # m we then have

. —_m\ N
L= (eﬂﬂ—zN ) 1 — el2m(t—m) 1-1
(Gp, dm) = VA = =0.

in f— .
1_e127r = 1_e127rT'" 1— 2=
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DFT basis — Normalisation

The scaling factor ensures that the DFT basis vectors ¢, are of unit length, i.e. that
l|@k||> = 1 holds.

For our basis vector we have

okl = droBro + Pkidkr + -+ rn—1Pkn—1=1+1+...+1

— g~ i2mkn/N _ eli2mkn/N

is a complex conjugate to ¢y , and therefore

as ¢k,n
Ok.ndk.p = el2mkn/N=i2mkn/N — &0 — 1 \hich results in the scaling factor being

11
el N
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Discrete Fourier Transform — DFT
Properties
Discrete Fourier Transform of Real-World signals
Zero Padding in discrete Fourier Transform

Aliasing
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From Fourier Series to Discrete Fourier Transform

Strang (2000):
The Fourier series is linear algebra in infinite dimensions. The “vectors” are

functions f(t); they are projected onto the sines and cosines; that produces the
Fourier coefficients a, and by. From this infinite sequence of sines and cosines,
multiplied by a, and by, we can reconstruct f(t). That is the classical case,
which Fourier dreamt about, but in actual calculations it is the discrete Fourier

transform that we compute. Fourier still lives, but in finite dimensions.
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Definition of the DFT and IDFT

Definition (Discrete Fourier Transform)

Let x € CN be a vector (xg, x1,X2,...,xy_1). The discrete Fourier transform (DFT)
of x is the vector X € CN with components

Xk _ X ¢k ZX e—J27rkm/N

Definition (Inverse Discrete Fourier Transform)

Let X € CN be a vector (Xg, X1, X2, ..., Xy_1). The inverse discrete Fourier
transform (IDFT) of X is the vector x € CV with components

XKk —

(X ) _ 1= ok
Bt Z s

= \
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Definition of the DFT and IDFT

Definition (Discrete Fourier Transform)

Let x € CN be a vector (xg, x1,X2,...,xy_1). The discrete Fourier transform (DFT)
of x is the vector X € CN with components

Xk _ X ¢k ZX e—J27rkm/N

Definition (Inverse Discrete Fourier Transform)

Let X € CN be a vector (Xg, X1, X2, ..., Xy_1). The inverse discrete Fourier
transform (IDFT) of X is the vector x € CV with components

XKk —

(X, ) = .
Ged Z S

= \
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DC coefficient X,

The coefficient Xo/N measures the contribution of the basic waveform (1,1,1,...,1)
to x. In fact

Xo 1 N—1

NN

is the average value of x.This coefficient is usually called as the DC coefficient, because
it measures the strength of the direct current component of a signal.
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Fourier Transform

The Fourier Transform can be defined for signals that are

e Discrete or continuous in time
e Finite or infinite duration

e Provided we denote the variable in time domain as x(t), or x,, the transformed

variables in frequency domain are correspondingly X(jw) or Xk.

This unification results in four cases.
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An overview of Fourier transforms /‘k%é o
\J :E:;:IIYEECNNI(KE
continuous in time discrete in time
periodic in frequency
Z 1 T - +/T
< x(t) = — / X (jw)et dw x(n) = — / X(&° e T do
g 27 27
g oo —x/T
-
£ oo o
g X(jw) = / eIV (t)dt X(Ty= S x(me T
£ —oo n=—oc
=
c
8 Fourier transform Fourier transform t = nT (DTFT)
g
c
s
g g 0 . 1 N-1 i
- x(t)= 3 X(k)eot x(n) = = 37 X(k)eU2m/Mkn
£ £ k=—oo N iz
g L
]
& 2 W TR . N—1
2 8| xw=2 / x(£)e =10t gy X(k) = 5 x(n)e—U2m/N)kn
27 y n=0
—7/wo
Fourier series Discrete Fourier transform (DFT)
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.. C
Linear transform view of discrete Fourier Transform /‘%@é .

The DFT consists of inner products of the input sequence (x,,)n’\’:_o1 stored as
x = (xo, X1, X2, ..., xny—1) with N basis vectors ¢, representing sampled complex

sinusoidal sections
N—1

d)k _ (¢k,n)nN:_01 _ (ej27rkn/N>
yielding for k =0,1,2,..., N —1

n=0

N-1 N-1
Xi= (%) =X @ =D XmPhom = Y Xme 2TM/N.
m=0

m=0
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.. C
Linear transform view of discrete Fourier Transform /‘%@é .

By collecting the DFT output samples into a column vector, we have

1 1 1 e 1

Xo o o X0

56 1 ¢11 $12 - O1N-1 X1

X2 | = |1 P21 G22 o Pan—1 X2
Xn— . —| | xn—

\_N,i/ 11 onv-11 On-12 - ON-1n-1] J{I_,
X
oy

Finally we can write matrix representation as
X = dy x.
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Linear transform view of discrete Fourier Transform

The matrix ®% = (®y)" denotes the Hermitian transpose of the complex matrix ® .
It can be shown that

N 0 O 0
0 N O 0
000 0 - N

and consequently the inversion of the forward DFT formula in matrix form is

1
= —o\X.
X N N
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Some practical comments

If the number of digital samples in each time slice is a power of 2, one can use a faster
version of the DFT known as the Fast Fourier transform (FFT).

The FFT assumes that the samples being analyzed comprise one cycle of a periodic
wave. In most cases it is not the case and analysis will contain many spurious

frequencies not actually present in the signal.
Sample fast enough and long enough!

To recognize details in frequency domain use spectral interpolation.
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DFT of real-world signals

Previous DFT examples gave us correct results because the (x,) sequences were
carefully chosen (sinusoids). The DFT of sampled real-world signals provides
frequency-domain results that can be misleading: We will witness so-called spectral
leakage which causes our DFT results to be an approximation of the original spectrum.

Reason: Not all frequencies in the signal are matched by the fixed set of frequencies wy.

There are ways to minimize leakage, but we can't eliminate it entirely.
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No spectral leakage /‘%E?é o

Sample signal x(t)=sin(3wot), fo=1Hz, w =27
—
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Spectral leakage

Sample signal x(t)= S|n(3 4w t) fo=1Hz, w =2m
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Zero padding

Zero padding consists of appending zeros to a signal. It maps a length N signal to a
length M > N signal. M does not need to be an integer multiple of N.

Zero padding in the time domain gives spectral interpolation in the frequency domain.

Similarly, zero padding in the frequency domain gives bandlimited interpolation in the
time domain. This is how ideal sampling rate conversion is accomplished.

Usually we use FFT algorithm to compute DFT. FFT requires signals of length M = 2™
which means we chose the number of zeros equal to 2™ — N.
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Zero padding: How does it work? /‘%@é

Hanning window of 32 samples

1 () P
0.5 T T b
Och?TTT TT??an
0 5 Fourie]f%ansform of &Panning windozve, the first 16 %gmples 30 35
20 T T T T T
10 b
0 T @& & & @& & &
0 2 Origiﬁal Hanning g/indow of 32ssamples palé’ded by 2241%eros 14 16
1 T T T

50 100 150 200 250 300

Fourier transform of Hanning window, the first 128 samples
20 T T T
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What is aliasing?

It is easiest to describe in terms of a visual sampling:

We all know and love movies. If you have ever watched a western and seen the wheel of
a rolling wagon appear to be going backwards, you have witnessed aliasing. The
movie's frame rate is not adequate to describe the rotational frequency of the wheel,

and our eyes are deceived by the misinformation.

The Nyquist Theorem tells us that we can successfully sample and play back frequency
components up to one-half the sampling frequency.

Aliasing is the term used to describe what happens when we try to record and play back
frequencies higher than one-half the sampling rate.
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Aliasing due to insufficient sampling

The following figure illustrates what happens if a signal is sampled at regular time
intervals that are slightly below the period of the original signal.

1r : i
S
¢ of :
(q\l
o=
n
—1F |
| | | | | |
0 0.2 0.4 0.6 0.8 1
t[s]
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Sampling and Aliasing

Definition (Nyquist-Shannon Sampling Theorem, 1927)
It is possible precisely to reconstruct a continuous-time signal from its samples, given
that

a) the signal is bandlimited;
b) the sampling frequency f; is greater than twice the signal bandwidth.
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What is aliasing?

Consider a digital audio system with a sample rate of 48 kHz, recording a steadily
rising sine wave tone. At lower frequency, the tone is sampled with many points per
cycle. As the tone rises in frequency, the cycles get shorter and fewer and fewer points
are available to describe it. At a frequency of 24 kHz, only two sample points are
available per cycle, and we are at the limit of what Nyquist theorem says we can do.

Still, those two frequency points are adequate, in a theoretical world, to recreate the
tone after conversion back to analog signal and low-pass filtering.

But what happens if the tone frequency rises further?
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What is aliasing?

If the tone continues to rise, the number of samples per cycle is not sufficient to
describe the waveform. This inadequate description is equivalent to another one that
describes a lower frequency tone — this is aliasing.

In fact, the tone seems to “reflect” around the 24 kHz point:

e A 25kHz tone becomes indistinguishable from a 23 kHz tone.

o A 30kHz tone becomes an 18 kHz tone.
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Example: Aliasing in Audio

e The initial sound is a numerically synthesized piano-tone at 440 Hz. The sampling
frequency is of 44.1 kHz (CD-quality).

e The harmonic frequencies at multiple of the fundamental tone (440 Hz) are clearly
visible.

" | fl

"
o 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
frequency(Hz)
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Aliasing in Audio

e The sound will be resampled at 2 kHz, without precautions against aliasing. The
tone sounds rather strange.

e The aliasing is visible on the graphs as a “warping” of the frequencies against a
“mirror’ at the Nyquist frequency 1kHz.

i

o 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
uen

frequency(Hz) 41




Aliasing in Audio

e In order to avoid aliasing, the spectrum of the signal should be zero at frequencies
higher than the Nyquist frequency before resampling. A low-pass filter is used to
achieve this.

01F 1 J

ON.J 1 . N
(] 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
frequency(Hz)
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Aliasing and DFT
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... for a digital signal processing with DFT there are limits:

e The signal must be band-limited. This means there is a frequency above which the
signal is zero.

e Hence the maximum useable frequency in the DFT is /2 - the Nyquist?
freq Uency! Original signal in
frequency domain Periodic duplication
in frequency domain

. .
Ny FY
| JAERY
E /
| !
| 3 i
Y = Sampling rate higher than
i E Nyquist rate, the periodic '
i E duplication will be apart i
K from each other /
Y, I 3, /
Y F kS /
Negative frequencies will show

. L
up Myquist Frequency

after Fourier tansform, although Effective Frequency

no physical meaning sampling

Range Sampling rate / 2

"Harry Nyquist 1889-1976
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