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27. března 2012
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5 Přı́klady použitı́ Laplaceovy transformace
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Domácı́ úkol 2 Prémiový úkol 1 Matematické nářadı́ - Laplaceova transformace Tabulky Laplaceovy transformace Přı́klady použit
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3 Matematické nářadı́ - Laplaceova transformace

4 Tabulky Laplaceovy transformace
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Úloha a)

u(t)

x3(t)

y(t) = x1(t)

vozidlo

pérovánı́ (ks)
tlumič (kd)

pneumatika (kt)

cesta

m❥

M❦
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Úloha a)

Na obrázku je model zavěšenı́ kola vozidla a jeho odpruženı́ s
koeficienty tuhosti kt, ks a kd. Jestliže platı́ pohybové rovnice

M ẍ3(t) + kt [x3(t) − u(t)]− ks [x1(t) − x3(t)] − kd [ẋ1(t)− ẋ3(t)]

= 0,

m ẍ1(t) + ks [x1(t) − x3(t)] + kd [ẋ1(t)− ẋ3(t)]

= 0,

(1)

nalezněte stavový popis s použitı́m vektoru stavových
proměnných

[x1(t) x2(t) x3(t) x4(t)] .
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Úloha b)

Dynamický LTI systém je popsán soustavou diferenčnı́ch rovnic
tvaru

x1(n + 1) = −αx2(n)

x2(n + 1) = αx1(n)− u(n).

Pro y(n) = x1(n) odvod’te diferenčnı́ rovnici druhého řádu pro
proměnnou y(n), která přı́slušı́ vnějšı́mu popisu.
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Domácı́ úkol čı́slo 2

Termı́n odevzdánı́ na web 3. přı́padně 4. dubna t.r.
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Model fakulta - prémiový úkol čı́slo 1

Na základě výročnı́ch zpráv o činnosti Fakulty dopravnı́ ČVUT z
let 2005 - 2010, které naleznete na stránkách
http://www.fd.cvut.cz/strucne-o-fakulte/vyrocni-zpravy.html ,
sestavte model 4-letého bakalářského a 2-letého
magisterského studia, který zahájilo v akademickém roce
2004/2005. Stavový model nastavte tak, aby odpovı́dal počtu
studentů zapsaných do všech ročnı́ků jak je naleznete ve
zprávách o činnosti. Model sestavte v SIMULINKu a prokažte
čı́selnou shodu s údaji uvednými v těchto zprávách.
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Prémiový úkol čı́slo 1

Prvnı́ch pět úspěšných řešitelů obdržı́ za správné řešenı́ 2
body započı́távané ke zkoušce. Konec soutěže je 3. dubna t.r.
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Důvody pro použitı́ Laplaceovy transformace

Laplaceova transformace významně zjednodušuje některé
operace, např.

• derivace ⇒ násobenı́ proměnnou p

• integrace ⇒ dělenı́ proměnnou p

• diferencı́alnı́ rovnice n-tého řádu s konstantnı́mi koeficienty
⇒ algebraické rovnice n-tého řádu

• konvoluce f (t) ∗ g(t) ⇒ násobenı́ F (p)G(p)
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Laplaceova transformace - definice

Laplaceova transformace funkce f (t), která je nanejvýš
polynomiálnı́ho růstu

f (t) = a0 + a1t + a2t2 + · · ·+ antn

je definována integrálem

F (p) =

∞
∫

0

f (t)e−ptdt ≡ L [f (t)] .

Funkci f (t) nazýváme vzorem a funkci F (p) Laplaceovým
obrazem.
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Laplaceova transformace - definice

Zpětná Laplaceova transformace má tvar integrálu podél křivky
v komplexnı́ rovině p

f (t) =
1

2πi

c+i∞
∫

c−i∞

F (p)eptdp ≡ L
−1 [F (p)] .

Praktické počı́tánı́ zpětné Laplaceovy transformace vycházı́ z
residuové věty, která pro racionálně lomené funkce v proměnné
p vede v operátorovém počtu na Heavisideovu větu 1.

1Oliver Heaviside 1850-1925
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Laplaceova transformace - vlastnosti

• Laplaceova transformace je lineárnı́

L

[

∑

k

ak fk (t)

]

=
∑

k

akL [fk (t)] =
∑

k

akFk (p)

L
−1

[

∑

m

bmFm(p)

]

=
∑

m

bmL
−1 [Fm(p)] =

∑

m

bmfm(t)
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Laplaceova transformace - vlastnosti

• Věta o změně měřı́tka

F (p) = L [f (t)] ⇒
1
a

F
(p

a

)

= L [f (at)]

Důkaz: substitucı́ at = τ

L [f (at)] =

∞
∫

0

f (at)e−ptdt =

∞
∫

0

f (τ)e−
p
a τ

1
a

dτ =
1
a

F
(p

a

)

QED2

2Quod erat demonstrandum - závěrečná formule důkazu Eukleidových
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Laplaceova transformace - vlastnosti

• Věta o změně měřı́tka

f (t) = L
−1 [F (p)]

1
b

f
(

t
b

)

= L
−1 [F (bp)]

Všechny integrálnı́ transformace (Laplace, Fourier, Wavelets)
podléhaj́ı Hesienbergově principu neurčitosti.

Obrázek: Časově-kmitočtové rozlišenı́
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Laplaceova transformace - vlastnosti

• Věta o posunutı́

L [f (t − τ)] = e−pτ
L [f (t)]

Důkaz: substitucı́ t − τ = ϑ

L [f (t − τ)] =

∞
∫

0

f (t − τ)e−ptdt =

∞
∫

−τ

f (ϑ)e−p(τ+ϑ)dϑ

= e−pτ

−0
∫

−τ

f (ϑ)e−pϑdϑ+ e−pτ

∞
∫

0

f (ϑ)e−pϑdϑ

= e−pτ

∞
∫

0

f (ϑ)e−pϑdϑ ≡ e−pτF (p)

QED
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Laplaceova transformace - vlastnosti

• Věta o konvoluci

L [f (t) ∗ g(t)] ≡ L





∞
∫

0

f (t − τ)g(τ)dτ



 = F (p)G(p)

Důkaz: se snáze provádı́ v diskrétnı́m čase

Důsledek

L

[

y(t) =
∫

∞

0
h(τ)x(t − τ)dτ

]

⇔ Y (p) = H(p)X (p)
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Laplaceova transformace - vlastnosti

• Věta o obrazu derivace funkce

L [f (t)] = F (p)

L

[

d
dt

f (t)
]

= pF (p)− f (0+)

L

[

d2

dt2 f (t)
]

= p2F (p)− pf (0+)− f ′(0+)

...

L

[

dn

dtn f (t)
]

= pnF (p)− pn−1f (0+)− pn−2f ′(0+) . . .− f (n−1)(0+)
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Laplaceova transformace - vlastnosti

• Věta o obrazu derivace funkce
Důkaz: integrovánı́m per partés

L

[

d
dt

f (t)
]

=

∫

∞

0

d
dt

f (t)e−ptdt

=
[

f (t)e−pt]∞
0+ − (−p)

∫

∞

0
f (t)e−ptdt

= −f (0+) + pF (p).

Opakovánı́m tohoto procesu zı́skáme postupně

L

[

d2

dt2 f (t)
]

= p2F (p)− pf (0+)− f ′(0+)

QED
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Laplaceova transformace - vlastnosti

• Věta o obrazu integrálu funkce

L





t
∫

0

f (τ)dτ



 =
1
p

F (p)

Důkaz: integrovánı́m per partés

L





t
∫

0

f (τ)dτ



 =

∫

∞

0





t
∫

0

f (τ)dτ



 e−ptdt

=
1
−p





t
∫

0

f (τ)dτe−pt





∞

0

−
1
−p

∫

∞

0
f (t)e−ptdt

=
1
p

F (p).
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Laplaceova transformace - tabulky

f (t) = L−1 [F (p)] F (p) = L [f (t)]

f (t) =
1

2πi

c+i∞
∫

c−i∞

F (p)eptdp F (p) =

∞
∫

0

f (t)e−ptdt

δ(t) 1

1(t)
1
p
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Laplaceova transformace - tabulky

f (t) = L−1 [F (p)] F (p) = L [f (t)]

e−αt 1
p + α

sinωt
ω

p2 + ω2

cosωt
p

p2 + ω2
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Laplaceova transformace - tabulky

f (t) = L−1 [F (p)] F (p) = L [f (t)]

e−αt sinωt
ω

(p + α)2 + ω2

e−αt cosωt
p + α

(p + α)2 + ω2

tn n!
pn+1
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Laplaceova transformace - tabulky

f (t) = L−1 [F (p)] F (p) = L [f (t)]

tne−αt n!
(p + α)n+1

t cosωt
p2 − ω2

(p2 + ω2)2

t sinωt
2ωp

(p2 + ω2)2
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Laplaceova transformace - přı́klad 1

Integračnı́ RC článek

❡ s ❡

❡ ❡s
❄❄

C uC(t)u1(t)

R

Diferenciálnı́ rovnici jsme si již odvodili

RC
duC(t)

dt
+ uC(t) = u1(t).
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Laplaceova transformace - přı́klad 1

Pro α =
1

RC
a vstupnı́ u1(t) = U01(t) je

dy(t)
dt

+ αy(t) = αU01(t).

Protože je to diferenciálnı́ rovnice s konstantnı́mi koeficienty,
můžeme použı́t Laplaceovu transformaci a jej́ı vlastnosti

L

{

dy(t)
dt

+ αy(t) = αU01(t)
}

,

a obdržı́me algebraickou rovnici pro neznámou Y (p)

pY (p)− y(0) + αY (p) = αU0
1
p
.
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Laplaceova transformace - přı́klad 1

Rovnici upravı́me tak, že neznámá bude na levé straně a
všechny známé konstanty na straně pravé

(p + α)Y (p) = αU0
1
p
+ y(0).

a nalezneme řešenı́ v rovině p

Y (p) =
αU0

p(p + α)
+

y(0)
p + α

=
U0

p
−

U0

p + α
+

y(0)
p + α

S pomocı́ tabulek pak můžeme nalézt pro t > 0 řešenı́

y(t) = U0(1 − e−αt) + y(0)e−αt
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Domácı́ úkol 2 Prémiový úkol 1 Matematické nářadı́ - Laplaceova transformace Tabulky Laplaceovy transformace Přı́klady použit

Laplaceova transformace - přı́klad 1

0 5 10 15
0

1

2

3

4

5

6

7

8

9

10

t

u C
(t

)

Obrázek: Průběh nabı́jenı́ v závislosti na hodnotě počátečnı́ho stavu,
tedy zbytkového napětı́ y(0) = 0V a y(0) = 4V
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Laplaceova transformace - přı́klad 2

Uvažujte LTI systém, který je pro t > 0 popsán naměřenými
hodnotami vstupu x(t) = e−t + e−3t a výstupu y(t) = te−3t .
Jak nalezneme impulsnı́ odezvu?
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Laplaceova transformace - přı́klad 2

Protože platı́

X (p) =
1

p + 1
+

1
p + 3

= 2
p + 2

(p + 1)(p + 3)

Y (p) =
1

(p + 3)2

a protože Y (p) = H(p)X (p) je

H(p) =
Y (p)
X (p)

=
1
2

p + 1
(p + 2)(p + 3)

=
1
2

[

2
p + 3

−
1

p + 2

]

.
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Laplaceova transformace - přı́klad 2

S pomocı́ tabulek pak můžeme nalézt pro t > 0 řešenı́
h(t) = e−3t − 1

2e−2t .

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

t

h(
t)
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